Abstract. In this paper, a fast multipole method (FMM) is proposed to compute long-range interactions of wave sources embedded in 3-D layered media. The layered media Green's function for the Helmholtz equation, which satisfies the transmission conditions at material interfaces, is decomposed into a free space component and four types of reaction field components from wave reflections and transmissions through the layered media. The proposed algorithm is a combination of the classic FMM for the free space component and FMMs specifically designed for the four types reaction components, made possible by new multipole expansions (MEs) as well as the multipole to local translation (M2L) operators for the reaction field components. The FMMs for the reaction components, which are implemented with the target particles and equivalent polarized sources associated with the reaction field components, is found to be much more efficient than that for the free space component due to well-separateness between the equivalent polarized sources and the target particles. As a result, the FMM algorithm developed for layered media has a similar computational cost as that for the free space. Numerical results validate the fast convergence of the ME and the O(N log N ) complexity and efficiency of the FMM for wave sources in 3-D layered media.
1. Introduction. The fast multiple method (FMM) has been a revolutionary development in modern computational algorithms for treating many body interactions, in fact it was considered one of the top 10 algorithms in the 20th century [9] . The FMM can reduce the O(N 2 ) cost of computing long-range interactions (Columbic electrostatics, wave scattering) among N particles (or sources) to O(N ) or O(N log N ), such a capability of the FMM has had a tremendous impact on modern computational biology, astrology, and computational acoustics and electromagnetics, among many other applications in sciences and engineering. The original FMMs developed by Greengard and Rohklin [13, 14] for particles in free spaces are based on multipole expansions (MEs) for the Green's function G(r, r )=G(r − r ) to achieve a low-rank representation for the far fields of sources. The MEs for the wave interactions were made possible by the Graf's addition theorem for Bessel functions. As a simple way to view the ME, we split the argument of the Green's function, zeroth order Bessel function for wave interactions, as G(r−r ) = G((r−r c )+(r c −r )) where r c is selected as the center of many sources r while r is any field location far away (well-separated) from all sources. The Graf's addition theorem gives an expansion of G in terms of separable terms involving (r − r c ) and (r c − r ), respectively. Terms involving (r − r c ) will appear in the higher order multipoles, i.e., higher order Bessel function, while terms with (r c − r ) for each source r contributes to the ME expansion coefficients. For far field location r, such an expansion exhibits exponential convergence, thus only a small number of p terms, therefore only p ME-coefficients, are needed, resulting in a p-term low-rank approximation for the far field.
From the procedure how the original FMM was developed analytically using the Graf addition theorem to treat the interaction of sources in homogeneous media involving free space Green's functions, we can understand the difficult of extending this approach to sources embedded in layered media, which are ubiquitous in computer engineering, geophysical, and medical image applications. For those applications, Green's function for layered media (layered Green's function for short in this paper) are preferably used to describe the interactions to avoid introducing artificial unknowns on the infinite material interfaces. Unfortunately, in this case, no Graf's addition theorem is available. For this reason, the analytical approach-based FMM of Greengard and Rokhlin has not been extended to layered Green's functions. So far, to handle the wave interaction of sources embedded in layered media using layered Green's functions, alternative approaches have been proposed such as image approximations of the layered Green's function for special cases such as a half space [8] , and Taylor expansion-based low-rank representation of Green's function and FMM method [27] , the inhomogeneous plane wave method [16] , windowed Green's function method for layered media [7, 4] , and cylindrical wave decomposition of the Green's function in 3-D and 2-D FMM [7] .
In this paper, we will present a new approach to develop analytical ME and local expansion (LE) for layered Green's function as well as relevant multipole to local translation (M2L) operators, a key ingredient in the hierarchical design for the FMM. This new approach relies on two important technical identities, the first one allows us to express the layered Green's function in terms of Sommerfeld integral involving plane waves, and the second one is is the Funk-Hecke identity, namely, the generating function for Bessel function, which expresses plane waves in terms of cylindrical wave (Bessel functions). With the separable property of plane waves as well as the FunkHecke identity, we are able to derive the MEs for the layered Green's function in 3-D as well as the M2L operators, as first demonstrated for the 2-D case in [29] . Also as shown in [29] , the convergence of the far field for the reaction field in fact involves the distance between the target and the location of a specific polarization source, which can be identified for each reaction component. Therefore, in the implementation of the FMM for the reaction field components, the original and the polarization sources will be combined and embedded into a rectangular box, upon which the oct-tree structure will be built and the FMM will be implemented. As a result, the FMM for the free space can be extended straightforwardly to layered Green's functions. Our numerical results will show the fast convergence of the ME for the layered Green's function as well as the O(N log N ) efficiency for 3-D acoustic wave interactions from N sources.
The rest of the paper is organized as follows. In section 2, we will re-derive the ME, LE and relevant M2L operator for the free space Green's function using the new approach discussed just above. The same technique will be applied to layered media Green's function. Section 3 will give the derivation of ME, LE and M2L operator for sources embedded in layered media governed by layered Green's function, which are given in terms of Sommerfeld integration of plane waves. FMM based on the new ME, LE and M2L operator for reaction components is then presented. Section 4 gives numerical results for two and three layers media. Various efficiency comparisons are given to show the performance of the proposed FMM. Finally, a conclusion is given in Section 5.
2.
A new derivation for h-and j-expansions of free space Green's function of 3-D Helmholtz equation and translation. In this section, we first review the h-and j-expansions, namely the multipole and local expansions, for free space Green's function of Helmholtz equation and the translation from h-expansion to jexpansion. They are the key formulas in the free space FMM and can be derived by using the well known addition theorems for regular and singular wave functions. Then, we will introduce a new derivation for the h-and j-expansions by using an integral representation of Hankel functions. This new technique will be applied to derive multipole and local expansions for reaction components of layred media Green's function in the next section.
2.1. The h-and j-expansions of free space Green's function. Let us first introduce the addition theorems for regular and singular wave functions. Suppose r j = (r j , θ j , ϕ j ) is the position vector of a general point P with respect to given center O j for j = 1, 2, and b = (b, α, β) is the position vector of O 1 with respect to O 2 , so that r 2 = r 1 + b. The spherical harmonics are defined as
where P m n (cos θ) is the associated Legendre function and P m n (cos θ) is the normalized version. We shall use the following addition theorems [21] . Theorem 1. Suppose z ν (ω) be any spherical Bessel function of order ν, that is
for r 1 < b, and
The special case of the above theorem in which z 0 = j 0 was proved by Clebsch in 1863, see [28, p.363] . According to Watson, another special case with z 0 = y 0 was due to Gegenbauer.
where
with G(n, m; ν, −µ; q) be a Gaunt coefficient.
and G(n, m; ν, −µ; q) is a Gaunt coefficient. The Gaunt coefficient G(n, m; ν, −µ; q) is defined using a Wigner 3 − j symbol as follow (9) G(n, m; ν, −µ; q) = (−1) m+µ S n ν q 0 0 0 n ν q m µ −m − µ where S = (2n + 1)(2ν + 1)(2q + 1)/(4π). Although we have explict formulas (5) and (8) for the separation matrices S mµ nν (b) and S mµ nν (b), they are too complicated to be used directly for practical computations. Fortunately, recurrence formulas are available for the computation of S mµ nν (b) and S mµ nν (b) (cf. [6, 15] ). With these addition theorems, we can present the h-and j-expansions which are also named as multipole and local expansions in the FMM. Consider the free space Green's function of Helmholtz equation with source and target at r and r, respectively. By using addition theorem 1, we have h-expansion (multipole expansion) w.r.t center r c :
and j-expansion (local expansion) w.r.t center r l c :
r c is a source center close to r and r Applying addition Theorem 3 to h
, we translate the h-expansion (10) to j-expansion (11) where the translation is given by
Similarly, we have center shift for h-and j-expansions as follows
are h-and j-expansion coefficients with respect to centerr c andr l c , respectively. An important feature in (10)- (11) is that the source and target coordinates are separated and appear in separate factors, which is key for deriving low rank MEs for far fields in the FMM (cf. [13, 14] ). However, besides using the addition theorem, this target/source separation can also be achieved simply in the Fourier spectral domain. We shall give a new derivation via Fourier domain for (10) and (11) by using the integral representation of h (1) 0 (k|r|). More importantly, this approach can be directly applied to derive multipole and local expansions for the reaction components of Green's function in layered media as in section 3.
2.2.
A new derivation of h-and j-expansions. For a spherical wave, we have the well known Sommerfeld identity (16) h
It is necessary to point out that the identity (16) for a lossless medium (i.e., k is real) need to be considered as a limiting case of a lossy medium. The contour for the integral of k ρ is usually set by deforming the real axis to the fourth quadrant. In order to satisfy radiation conditions of having only outgoing waves in the integrand, we have to ensure that Rek z > 0 and Imk z > 0. By the Sommerfeld identity (16), we can make a source/target separation in spectral domain as follows
for z ≥ z where k = (k ρ cos α, k ρ sin α, k z ). Without loss of generality, here we only consider the case z ≥ z for an illustration. Next, we evoke the well-known Funk-Hecke formula [28, 21] 
which gives a spherical harmonic expansion for plane waves and will be used for the plane waves inside (17) . This classic Funk-Hecke formula only works for propagating plane wave, i.e., k ρ ≤ k where all components of the propagation vector k are real. However, the Fourier spectral representations (17) involve not only propagating plane waves but also evanescent plane waves, i.e., k ρ > k and k z is pure imaginary. Therefore, for a spherical harmonic expansion for the evanescent plane wave, we need to extend the range of Funk-Hecke formula from k z ∈ {α|0 ≤ α ≤ k} to k z ∈ {α|0 ≤ α ≤ k} ∪ {α|α = ib, b ≥ 0}. Fortunately, we can show that formula (18) holds for all k z ∈ C by choosing appropriate branch for the square root function. To see this, the left hand side of (18) can be written as 
If m is even, the complex extension of P m n (x) defined by
is a polynomial of z and hence is analytic in the complex plane. For odd m, P m n (x) can be written as
where Q n−1 (x) is a polynomial of at most (n − 1)-th degree. Therefore, a complex extension defined by
involves multivalued function √ 1 − z 2 as in (19) . In order to have Funk-Hecke formula 
(18) for k z ∈ C, we need to choose appropriate branch in (19) and (23) . For this purpose, let us first get the following polar forms
where θ 1 and θ 2 are the principles values of the arguments of complex numbers z + 1 and z − 1. Then, we cut the complex plane from −1 to +1 along the real axis and choose the branch
For any x ∈ [−1, 1], using this branch leads to (25) lim
The extension e ik·r and P m n (z) defined by using branch (24) enjoys the same property, e.g., (26) lim
This property can be seen directly in Fig. 2 . We also present some plots for P m n (z) in Fig. 3 . It is worthy to point out that the extension of associated Legendre function also satisfy
and a recurrence formula 
The above recurrence formula will be used in the implementation of the FMM. For the proof of the Funk-Hecke formula in the complex plane, we need the following lemmas.
Lemma 4. For any real number a ≥ 0, there holds
is the spherical bessel function of the first kind, P n (z) is the Legendre polynomial.
Proof. Recall that the series (cf. [24, 10.60.7] )
we have (29) holds for all z ∈ [−1, 1]. Next, we consider its extension to the whole complex plane. Apparently, e iaz is an entire function of z. The spherical Bessel function j n (a) has a upper bound (cf. [1, 9.1.62])
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The Legendre polynomial P n (z) is a polynomial of degree n with n distinct roots
where the estimate |a n | ≤ 2 n for the coefficient of z n is used. These upper bound for j n (a) and P n (z) give estimate
Therefore the series at the righthand side of (29) converges uniformly in any compact set D ⊂ C and hence converges to an entire function of z. By the analytic extension theory, we have the proof. By using the branch defined in (24) for the square roots, we have the extension of the well-known Legendre addition theorem [3, p.395]. Lemma 5. Let w = (
be a vector of complex entries, θ, φ be the azimuthal angle and polar anglea of a unit vectorr. Define
is real, we have β(w) = cos w,r and (35) is the well-known Legendre addition theorem. Define
By using the branch defined in (24) for the square roots in β(w) and P m n (w), P n (β(w)) and g n (w) are extended to the complex plane. Moreover, they are analytic in C\[−1, 1] and satisfy limit properties (37) lim
and (38) lim
That implies P n (β(w)) − g n (w) takes angular boundary values zero on the set [−1, 1]. By using Luzin-Privalov theorem [10] , we conclude that P n (β(w)) − g n (w) = 0 in
holds for all k z ∈ C, where
Proof. Define (29), we have
Then, the extension of Funk-Hecke formula (39) follows by applying Lemma 5.
We give some numerical results to validate the Funk-Hecke formula in complex plane. Here, we set k = 1.8, α = π 4 . The error is defined as
The errors and convergence rates against p are depicted in Fig. 4 . Spectral convergence rate against p is observed for k z ∈ C. (17) gives (42)
for z ≥ z , where M nm is defined in (12) and
Recall the identity
for z > 0, we see that (42) and (43) are exactly the h-expansion (10) and j-expansion (11) in the case of z ≥ z .
To derive the translation from h-expansion (42) to j-expansion (43), we perform a different splitting as follows (18) again, and we obtain the translation
It is actually the integral representation of S (d < z < d −1 ). Then, the layered media Green's function for the Helmholtz equation satisfies
at field point r = (x, y, z) in the th layer (d < z < d − 1) where δ(r, r ) is the Dirac delta function and k is the wave number in the th layer. The system can be solved analytically for each layer in z by imposing transmission conditions at the interface between th and ( − 1)th layer (z = d −1 ) as well as decay conditions in the top and bottom-most layers for z → ±∞ [7] . Inside a given layer namely the -th layer, the solution has the form
is called the reaction field in the -th layer due to wave relection by the layered media.
We can see that the reaction field u r (r, r ) has upgoing and downgoing components inside intermediate layers (0 < < L). Only upgoing and downgoing component is required in the top and bottom most layers, respectively. The upgoing and downgoing components have Sommerfeld integral representations
It is worthy to point out that reaction densities σ
are only determined by the layer structure and wave numbers. Equation (50)-(51) are general formulas which are applicable to multi-layered media. Here, we give explicit formulas for reaction densities in the cases of two and three layers as examples.
• Two layers with source in the top layer:
• Two layers with source in the bottom layer:
• Three layers with source in the top layer:
• Three layers with source in the middle layer:
(55)
• Three layers with source in the bottom layer:
Detailed derivation of the general formulas (49)-(51) and corresponding reaction densities for Green's function in layered media can be found in [27] .
3.2. Multipole and local expansions for general reaction component. Consider the reaction field in the middle layers, i.e.,
and
and each component has a Sommerfeld-type integral representation:
Here and in the rest of this paper, we use * stands for any one of arrows ↑, ↓, e.g, u * * can be anyone of the four components u ↑↑ , u ↑↓ , u ↓↑ , u ↓↓ . Note that the source and target coordinates are only involved in the exponential functions E * * (r, r ). It is easy to make the following source/target separations
by inserting the source center r c and
by insering the target center r l c . Moreover, Funk-Hecke formula (18) gives spherical harmonic expansions for the following plane waves:
Since
, the above spherical harmonic expansions have a uniform formula
Applying expansions (66) and source/target separation (63) and (64), we obtain
Substitution back to (62), we obtain the following multipole expansion:
with basis functions represented by Sommerfeld-type integrals
It is worthy to point out that F * * nm (r, r c ) is only defined for r in the -th layer. Therefore, it could be seen as singular function for r outside the -th layer as reaction field produced by polarization charges there (more discussion on this issue will be given below). That is why we keep using the "multipole expansion" for expansions (69). Similarly, we obtain local expansion
with coefficients given by
3.3. Reaction components, equivalent polarization sources, and their multipole and local expansions. It is well known that the h-expansion (10) has a convergence rate of order O |r −rc| |r−rc| p , i.e., the multipole expansion converges exponentially as the target getting far away from the source. This convergence result is the key for the success of the hierarchical design in FMM. However, multipole expansions (69) for reaction components have a different convergence behavior. According to the convergence analysis for similar multipole expansions of 2D Green's function in layered media (cf. [29] ), we expect convergence
Suppose r c is a center close to source r with a fixed distance |r −r c |, (73) indicates an important fact that the error of the truncated multipole expansion is not determined by the Euclid distance between source center r c and target r as in free space case. Actually, the distances along z-direcction have been replaced by summations of the distances between r, r c and corresponding interfaces of the layered media. The relative errors against truncation number p are depicted in Fig. 6 . It clearly shows that multipole expansion of u * * 11 coverges faster as the distance d * * (r, r ) rather than Euclid distance |r − r | getting larger.
In extending the FMM to the reaction field component of the Greens' function, the hierarchical design as in free space FMM relies on using the Euclid distance between source and target to determine either direct computation or multipole expansion is used for the computation of source/target interactions. Therefore, multipole expansions (69) are generally not compatible with the hierarchical design of FMM. Noting that the reaction components u * * (r, r ) expressed in (62) in fact depends on the distances of sources from their corresponding interfaces, we introduce equivalent polarized sources (see. Fig. 7 )
Recall the expressions (59) and (60), we can verify that Then, the reaction components can be re-expressed using equivalent polarized sources as follow
Note thatũ ↑ * andũ ↓ * have the same form as the two special cases u ↑↓ +1 and u ↓↑ −1 , respectively, except for wave number k z and densities σ * * in the -th layer. Following the same derivation in last subsection, we obtain the multipole expansions
at source centers r * * c and local expansioñ u * * (r, r * * ) =
at target center r 
and the local expansion coefficients are given by
Recall convergence results (73) and the fact
we conclude that ME (80) Therefore, the Euclid distance |r − r * * | can be used to determine whether multipole expansions (80) are good approximations or not. This ensures that the hierarchical design can be applied in FMM with kernelsũ * * (r, r * * ) and ME (80). Next, we discuss the center shifting and translation for ME (80) and LE (81), respectively.
A desirable feature of the expansions of reaction components discussed above is that the formula (80) for the ME coefficients and the formula (81) for the LE have exactly the same form as the formulas of h-expansion coefficients and j-expansion for free space Green's function. Therefore, we can see that center shifting for multipole and local expansion are exactly the same as free space case which are given by (14) . We only need to derive the translation operator from ME (80) to LE (81).
Recall the definition of exponential functions in (77), E ↑ (r, r ↑ * c ) and E ↓ (r, r ↓ * c ) have the following splitting
Applying Funk-Hecke formula (18) again, we obtain (85)
where µ = (n + m ) mod 2. Substituting into (69), the multipole expansion is translated to local expansion (71) via (86)
and the multipole-to-local translaton operators are given in integral forms as follows
3.4. FMM algorithm. Let P = {(Q j , r j ), j = 1, 2, · · · , N } be a group of source particles distributed in the -th layer of a multi-layered medium with L + 1 layers (see Fig. 5 ). The interactions between all N := N 0 + N 1 + · · · + N L particles are given by the summations
Here u * * (r, r ) are the reaction components of the domain Green's function in the -th layer due to a point source in the -th layer. We omit the factor ik 4π in u * * (r, r ) to be consistent with the spherical Hankel function used for the free space component. General formulas for u * * (r, r ) is given in (50)-(51) with densities (52), (53) and (54),(55), (56) for two and three layered cases, respectively.
Since the reaction component of Green's function in multi-layer media has different expressions (50) for source and target particles in different layers, it is necessary to perform calculation individually for interactions between any two groups of particles among the L + 1 groups {P } L =0 . Here, we only consider the contribution from the reaction component and that from radiation component will be calculated using free space FMM. Without a loss of generality, let us focus on the computation of the ↑↑ component in -th layer due to sources in -th layer, i.e., Φ ↑↑ (r i ) for all i = 1, 2, · · · , N . For the computation of Φ ↑↑ (r i ), we have source particles P and target particles P . According to the discussion in the last section, we use the equivalent polarization sources (see. Fig. 8 )
and re-express Φ ↑↑ (r i ) by
A very important feature of the equivalent polarization sources {r
is that they are well-separated from the corresponding targets
. As a matter of fact, they are located on different side of the interface z = d , see. Fig. 8 (right) . Equivalent polarization sources (75) defined for other reaction components also have this property.
The framework of the free space FMM with ME (80), LE (81), M2L translation (86)-(87) and free space ME and LE center shifting allows us to use FMM for the computation of reaction component Φ ↑↑ (r i ). FMM for other reaction components can be treated in the same manner. In the FMM, a large box is set to include all source and target particles where the adaptive tree structure will be built by a bisection procedure. Due to the ME (80), LE (81) and M2L translation (86) used in the algorithm, we need to make sure that all Sommerfeld type integrals involved in these formulas are convergent. This can be ensured by setting the largest box such that it will be equally divided by the interface between equivalent polarized sources and targets, see. Fig. 8 . In this case, all source and target boxes of level higher than zero in the adaptive tree structure will have centers below and above the interface z = d , respectively. Therefore, E ↑ (r, r the reaction component is summarized in Algorithm 1. All interaction given by (88) will be obtained by calculating all components and summing them up. The algorithm is presented in Algorithm 2.
Efficient implementation details.
In this section, we will discuss some implementation details regarding the computation of integrals involved in multipole and local expansions and multipole to local translation. Especially, double integrals in MEs and LEs and M2L operators can be simplified by using the following identity
iz cos θ+inθ dθ.
Determine z-coordinates of equivalent polarized sources for all source particles in -th layer. Generate an adaptive hierarchical tree structure with sources {Q j , r for all boxes j on source tree level l do if j is a leaf node then form the free-space ME using Eq. (80). else form the free-space ME by merging children's expansions using the freespace center shift translation operator (14) .
end if end for end for Downward pass: for l = 1 → H do for all boxes j on target tree level l do shift the LE of j's parent to j itself using the free-space translation operator (14) .
collect interaction list contribution using the source box to target box translation operator in Eq. (86) and (106) 
use Algorithm 1 to compute Φ ↓↓ (r i ), i = 1, 2, · · · , N . end for end for and the expression (83) for local expansion coefficients can be simplified as
where (ρ * * c , ϕ * * c ) and (ρ * * c ,φ * * c ) are polar coordinates of r * * − r * * c and r * * − r l c . Moreover, the multipole to local translation (87) can be simplified as
Denoting
we have The FMM demands efficient computation of Sommerfeld-type integrals I * * nm,n m (ρ, z, z ). It is clear that they have oscillatory integrands with pole singularities in σ * * (k ρ ) due to the existence of surface waves. For a long time, much effort has been made on the computation of this type integrals, including using ideas from high-frequency asymptotics, rational approximation, contour deformation (cf. [4, 5, 7, 23, 26] ), complex images (cf. [12, 26, 22, 2] ), and methods based on special functions (cf. [17] ) or physical images (cf. [19, 20, 25, 18] ). These integrals are convergent when the target and source particles are not exactly on the interfaces of a layered medium. Contour deformation with high order quadrature rules could be used for direct numerical computation at runtime. However, this becomes prohibitively expensive due to a large number of integrals needed in the FMM. In fact, O(p 4 ) integrals will be required for each source box to target box translation. Moreover, the involved integrand decays more and more slowly as order of the involved associated Legendre function is getting higher. The length of contour needs to be very long to obtain a required accuracy for the computation in this case.
Note that I * * nm,n m (ρ, z, z ) is a smooth function with respect to (ρ, z, z ). It is feasible to make a precomputed table on a fine grid and then use interpolation to obtain approximations for the integrals. If we make precomputed tables for all |m| ≤ n, |m | ≤ n , n, n = 0, 1, · · · , p there will be (p + 1)
4 3D tables need to be stored. In fact, the number of precomputed tables can be reduced to 4(2p+1)(2p+3). Define (96) c nm = 2n + 1 4π
Recall the Rodrigues' formula
by using the fact k z = k 2 − k 2 ρ and (97). Then .
For −n ≤ m < 0 or −n ≤ m < 0, similar formulas can be obtained by using the fact P m n (z) = (−1) m P −m n (z) for m < 0. In summary, we have
for all n, n = 0, 1, · · · , and −n ≤ m ≤ n, −n ≤ m ≤ n where µ = (n + |m|) mod 2, ν = (n + |m |) mod 2, 
Here we also use the notation A s nn mm since it is equal to the coefficients defined in (103) for m, m ≥ 0. Define integrals where µ = (n + |m|) mod 2, ν = (n + |m |) mod 2. We pre-compute integrals S * * nm,µν (ρ, z, z ) on a 3D grid {ρ i , z j , z k } in the domain of interest for all n = 0, 1, · · · , p; m = 0, 1, · · · , 2n + 1; µ, ν = 0, 1. Then, a polynomial interpolation is performed for the computation of integrals in the FMM. The computation of Sommerfeld-type integrals S * * nm,µν (ρ, z, z ) is a standard problem in acoustic and electromagnetic scattering and is often handled by contour deformation. It is typical to deform the integration contour by pushing it away from the real line into the fourth quadrant of the complex k ρ -plane to avoid branch points and poles in the integrand, see Fig. 9 . Here, we use a piecewise smooth contour which consists of two segments:
We truncate Γ 2 at a point t max > 0, where the integrand has decayed to a user specified tolerance. As an example, we plot the density σ * * Fig. 9  (c) ). The three layers case with k 0 = 1.5, k 1 = 0.8, k 2 = 2.0, d 0 = 0, d 1 = −2.0 and density given in (55) is used. We can see that the density σ * * 4. Numerical results. In this section, we present numerical results to demonstrate the performance of the proposed FMM for time harmonic wave scattering in layered media. This algorithm is implemented based on an open-source adaptive FMM package DASHMM [11] . The numerical simulations are performed on a workstation with two Xeon E5-2699 v4 2.2 GHz processors (each has 22 cores) and 500GB RAM using the gcc compiler version 6.3. Two and three layers media are considered for the numerical tests. Let Φ (r i ) be the approximated values of Φ (r i ) calculated by FMM. Define 2 and maximum errors as (108)
We first use two examples with particles uniformly distributed inside cubic domains for accuracy and efficiency test. Then, more general distributions of particles in irregular domains are tested.
Example 1 (Cubic domains):
In this example, the interfaces are placed at z 0 = 0 and z 0 = 0, z 1 = −2 for two and three layer cases, respectively. The wave numbers in three layers are k 0 = 1.5, k 1 = 0.8, k 2 = 2.0. Set particles to be uniformly distributed in cubes of size 1 centered at (0.5, 0.5, 1.0), (0.5, 0.5, −1.0) and (0.5, 0.5, −3.0), respectively. For accuracy test, we put N = 8000 particles in each box. Convergence rates against p are depicted in Fig. 10 . Comparisons between CPU time for the computation of free space components Φ f ree and scattering components in two and three layers are presented in Table 1 and 2. In this example, the target and source particles are far away from the interfaces. Therefore, the target particles are also far away from equivalent polarized sources. The FMM for the computation of the reaction components is extremly efficient since far field approximation will be used for almost all boxes in the tree structure. We can see that the computational cost for the reaction components is negligible compared with that for the free space components. with a = 0.1, 0.15 to new centers (0, 0, 0.6) and (0, 0, −0.6), respectively (see Fig. 11 (left) for an illustration). For the three layer case test, we use particles in similar domains centered at (0, 0, 0.6), (0, 0, −0.6) and (0, 0, −1.8) with a = 0.1, 0.15, 0.05, respectively (see Fig. 11 (right) ). All particles are generated by keeping the uniform distributed particles in a larger cube within corresponding irregular domains. The interfaces are placed at z 0 = 0 and z 0 = 0, z 1 = −1.2 for two and three layer cases, respectively. The wave numbers in three layers are k 0 = 1.2, k 1 = 1.5, k 2 = 1.8. In this example, the particles are much closer to the interface compared with the last example. Nevertheless, the target particles and equivalent polarized sources for the computation of reaction components are still well-separated. The FMM for the reaction component Φ r (r i ) has a much better efficiency than that of free space component Φ f ree (r i ). The CPU time for the computation of Φ r (r i ) and Φ f ree (r i ) are compared in Fig.12 . It shows that both of them have an O(N ) complexity while the CPU time for the computation of Φ r (r i ) has a much smaller linear scaling constant.
Conclusion.
In this paper, we have presented a fast multipole method for the efficient calculation of the discretized integral operator for the Helmholtz equation in layered media. The layered media Green's function is decomposed into free space and four types of reaction field components. Using spectral form of the layered Green's functions and Funk-Hecke identities, we developed new multipole expansion low rank representations of O(p 2 ) terms for the far field of the reaction components, which can be further associated with polarization charges at specific locations for each type of the reaction field components. Multipole to local translation operators are also developed for the reaction fields. As a result, the traditional ME-based FMM can be applied to both the free space part and reaction field once the polarization charges are used together with the original source charges. Due to the well-separateness of the polarization charges and the original source charges, the computational cost coming from the reaction field parts is only a fraction of that of the FMM for the free space part. As a result, computing the wave interactions in layered media basically costs the same as that for the wave interaction in the free space.
For the future work, we will carry out error estimate of the FMM for the Helmholtz equations in 3-D layered media , which require an error analysis for the new MEs and M2L operators for the reaction components, following our results in the 2-D case [29] .
